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Abstract— In the past few years, wireless sensor networks
(WSNs) have been widely used in many areas. In these appli-
cations, sensors are remotely deployed to gather related envi-
ronmental information for further analysis. To support higher
scalability and better data aggregation, sensor nodes are often
grouped into disjoint and mostly non-overlapping clusters. All
nodes in a cluster can send their data to the cluster head
within d-hop distance, and the head should communicate with
other cluster heads and pass all data to base station. For
better communication between these cluster heads, lower main-
tenance cost, and easier management, it is necessary to make
the number of the clusters as small as possible. Moreover,
in many environments such as mountainous area or underwater
monitoring, node deployment is often not flat, resulting in a high
dimensional network. In this paper, we focus on proposing a
scheme to select cluster heads for a homogeneous network in
three-dimensional situation. The scheme meets two requirements:
the number of cluster heads is minimum and the head nodes can
communicate with each other. These requirements can be formed
as an NP-complete problem named d-hop connected dominating
set. Correspondingly, we proposed a distributed approximation
algorithm and proved its approximation ratio as (d+1)β, where
β is a calculated parameter with respect to d. We also analyzed
the performance of our algorithm with corresponding numerical
experiments.

Index Terms— Wireless sensor network, d-CDS, spanning tree,
cluster, distributed algorithm.

I. INTRODUCTION

W IRELESS sensor networks (WSNs) are autonomous
and self-organized communication systems consisting

of many small, inexpensive, and battery-powered embedded
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devices called sensor nodes, each with sensing, computing,
communication capabilities. These sensor nodes serve not only
as mobile hosts but also as routers. Because of such character-
istics, WSNs can be widely used in lots of applications such as
disaster management, battlefield reconnaissance, border patrol
and surveillance, etc. In these applications, sensor nodes are
mainly used to gather vital information from the surrounding
areas such as temperature, sound, vibration, pressure, motion
or pollutants, etc. Also, sensor nodes need to transmit their
collected data to base stations directly or indirectly. The related
researches have been widely studied in past decades [1]–[11].

In wireless sensor networks, sensor nodes have constraints
in terms of processing power. In most cases, the unattended
nature of WSNs makes it quite difficult to recharge node
batteries or replace sensor nodes. Therefore, energy conser-
vation is a major design goal in these networks. To prolong
the lifetime of WSNs, a considerable number of researches
have been done in [4], [7], [8], [10]–[12]. In addition, sensor
nodes are limited by communication bandwidth and stor-
age space, which makes it difficult to transmit message
throughout the whole network and to process a mass of
data. In order to overcome such shortcomings, the efficient
approach that is commonly agreed by most of researchers
is clustering. We can divide the whole network into disjoint
and mostly non-overlapping sets called clusters. Each cluster
elects a leader called cluster head. All ordinary nodes in
a cluster transmit their data to the cluster head, and the
head passes all data to the base station. Additionally, each
cluster header can communicate with other cluster heads.
Clustering schemes offer reduced communication overheads
and efficient resource allocations, thus decreasing the overall
energy consumption and reducing interferences among sensor
nodes.

Numbers of clustering algorithms have been proposed.
Based on the fact that we can improve the system’s lifetime by
improving each cluster’s lifetime, [4] alternates cluster head
in a cluster to maximize the cluster’s lifetime and finally
determines each cluster and the corresponding head. In [5],
the authors proposed a clustering algorithm which based on
cell combination for the networks. In [6], through coordination
of nodes belonging to the same cluster which can effectively
avoid redundant sensing or processing, Alaei et al. proposed
a clustering method to optimize the energy conservation and
prolong network lifetime. Other related clustering algorithms
are referred to in [8], [10], [12].

Easy to know, small size clusters lead to a large number of
clusters, which will congest the area while a few number of
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clusters will exhaust the cluster head with large amounts of
messages transmitted from cluster members. An effective way
to control the average size of clusters is to assume that each
cluster head can be at most d-hop away from the nodes within
its dominating range, where d can be manually set based on
the real circumstance. When sensor nodes in a network are
uniformly and independently distributed, [3] gives a solution
to evaluate the average hop distance. In this paper, we focus
on constructing d-hop clusters for a given WSN.

Usually, the set of cluster heads can be viewed as a
connected dominating set (CDS) of graph G. For a given
graph G = (V, E), a CDS of G is a subset C ⊆ V such
that for each vertex v ∈ V \C, there exists a vertex u ∈ C
satisfying (u, v) ∈ E. Moreover, the subgraph induced by C
is connected. To construct d-hop clusters for a given WSN is
equivalent to choose a d-CDS for a given graph. To reduce the
message redundancy, finding a minimum d-CDS is important.

In most cases, people assume that wireless nodes are on
a 2D plane, and use a unit disk graph (UDG) to model the
network. However, in many environments like mountainous
areas or underwater regions, node deployment is often not
flat, resulting in a 3D network. Given that communication
between nodes in high dimensional space is more complicated
and restricted with the environment, clustering algorithms in
high dimensional space tend to have higher time complexity.
What is more, many optimal algorithms in 2D space can-
not directly apply to high dimensional situation. For exam-
ple, some polynomial time approximation schemes (PTAS)
in existing works for CDS problem in UDG cannot be
directly generalized to generate a PTAS for minimum CDS
in UBG because their proofs rely on some geometrical
properties that hold true in the plane but are not true in
space any more [13]. Therefore, it is challenging to design
an efficient clustering algorithm in high dimensional space.
In this paper, we propose such an algorithm with minimum
d-CDS, using a unit ball graph (UBG) to model networks in
3D space.

Given a graph without its geometric representation, it is
NP-hard to determine whether it can be represented as a UDG
or a UBG [14]. Since the UDG can be regarded as a special
case of UBG, we can just view wireless networks as UBG
and solve problems in 3D space. As far as we know, there
is not yet specialized works on d-CDS in unit ball graph
before this paper. The only related work is the work done
by Kim et al. [15] which can be seen as 1-CDS example
in UBG.

Our goal in this paper is to partition a wireless sensor
network into d-hop clusters by finding a minimum d-CDS
for a UBG G = (V, E) derived from the given network
in a 3D space. In this paper, we proposed a three-phase
distributed algorithm to find a minimum d-CDS. The first part
of this algorithm is to construct a spanning tree from a given
network. Then we select a d-MIS based on the spanning tree.
Afterwards, we add some extra nodes to connect the d-MIS
to make it a d-CDS.

Our contributions are threefold:

• As far as we know, this is the first work focusing on
finding a minimum d-CDS in three-dimensional situation.

Fig. 1. Different wireless sensor networks with different hops.

• Since distributed algorithms become more and more
important for self-organized WSNs, we proposed a dis-
tributed algorithm for minimum d-CDS problem. As for
the details of our algorithm, we first introduce concepts of
“level id” and “neighbor information” to overcome some
bug in designing similar distributed algorithms.

• As the minimum d-CDS problem is NP-complete which
is proved by Vuong and Huynh in [16], we analyzed the
performance of our algorithm and provided approxima-
tion ratio for our algorithm. Moreover, the approximation
ratio is proved to be (d + 1)β, where β is a parameter
given in Sec. VI.

The rest of this paper is organized in the following structure:
Sec. II introduces some background information. In Sec. III,
we describe the related work in detail. Definitions and nota-
tions that will be used in later sections are illustrated in
Sec. IV. In Sec. V, we present our three-phase distributed
algorithm to select a d-CDS for the given graph and dis-
cuss the redundancy of the d-CDS we choose. Afterwards,
the corresponding performance analysis is described in Sec. VI
and Sec. VII gives simulation settings and results. Finally,
Sec. VIII concludes this paper.

II. BACKGROUND INFORMATION

A. Types of Sensing Networks

As we can see in Fig. 1, sensors transmit gathered data
directly to the base station in a single-hop network while
some nodes in a multi-hop network function as the routers for
other nodes to deliver their gathered data through several hops.
In summary, in single-hop networks, sensors directly deliver
their sensed data to the sink. In multi-hop networks, sensors
transmit their sensed data to the sink using intermediate
nodes [17]. In our paper, our clustering network belongs to
multi-hop networks.

B. Unit Ball Graph

The topology of wireless sensor networks is often modeled
as a unit disk graph (UDG), a geometric graph in which
there is an edge between two nodes if and only if their
Euclidean distance is at most 1. Fig. 2 gives an example of
modeling a WSN using a UDG, where each node has the same
communication range denoted as a circle and there exists an
edge between two nodes if and only if the two circles are
intersectant or tangent, meaning they are in the communication
range of each other.
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Fig. 2. Model a WSN using a unit disk graph (UDG).

When it comes to a 3D environment like mountainous
areas or underwater regions, UDG is generalized to UBG with
similar properties. Since UDG is a reduced form of UBG in 2D
space, we adopt UBG in our paper to address the problems
and the techniques can directly apply to 2D situations. We give
the formal definition of UBG as follows.

Definition 1: A given graph G = (V, E) is a UBG (unit
ball graph) if each node in V has the same communication
range, denoted as a ball, and two vertices are connected to
each other in E if and only if the Euclidean distance between
them is less than or equal to 1.

III. RELATED WORK

Since our goal is to find a minimum d-CDS for a given
graph G = (V, E), we will introduce some related work about
CDS in this section.

Clark et al. [18] proved that the MCDS problem is
NP-hard even in UDG. Hence, a commonly used approach
is to use approximation algorithms to solve such problems.
In 2002, Wan et al. [19] first found that MCDS problem
has polynomial-time constant-factor approximation solution
and proposed a two-phase algorithm to select a CDS. Based
on this design, a lot of similar two-phase algorithms were
proposed in literature. All these algorithms first choose a
maximal independent set (MIS), and the second phase is
to add some extra nodes to connect them. An MIS for a
graph G = (V, E) is a subset M ⊆ V such that any two
vertices in M are not directly connected, and if we insert
a node u from V \M into M , M will not be an MIS any
more. Obviously, MIS is also a dominating set (DS) [20].
Besides, the related theoretical approximation ratio of such
algorithms are also been widely studied [21]. On the other
side, Cheng et al. [22] first found that MCDS problem has
PTAS solutions. Even though PTAS has a better approximation
ratio, the time cost in [22] is too high to implement in reality.
Hence, the main focus of this field is still on constructing
effective approximation algorithms to find a feasible solution
within polynomial time. Except for those maximal indepen-
dent set-based algorithms, there also exist other kinds of
algorithms, such as greedy algorithms [23], Steiner tree-based
algorithms [2], pruning-based algorithms [24] and connected
clustering-based algorithms [25].

As for the two-phase algorithm, it is very common to apply
the color-marking algorithm to first select an MIS, which is
also a DS from a given graph G = (V, E) [19]. After we have
obtained a DS, connecting this DS into a CDS is equivalent to
finding a Steiner Tree for G. The formal definition of Stenner

Tree is as follows: Given a graph G = (V, E), a selected
subset S, a Steiner Tree is a tree in G includes all vertices in S.
In those MIS-based algorithms, Steiner Tree is commonly used
in the connecting part. The detailed introduction about Steiner
Tree used in constructing MCDS can refer to [2].

In a wireless sensor network, implementing cluster-based
hierarchical structure is much more helpful to achieve effi-
cient routing, increase the lifetime of networks and improve
the network’s scalability. Furthermore, such structure can
be modeled as a d-hop CDS. Most of related works on
d-hop CDS were finished within recent decades. In 2006,
Nguyen and Huynh [33] first proved that finding a minimum
d-hop CDS in UDG is NP-complete. For a period of time
since then, researchers presented some heuristic algorithms to
solve d-hop CDS problem or some problems with specific d,
such as TCDS (2-hop CDS) and 3-CDS. They also used
several numerical examples to analyze the performance of
their algorithms. These d-CDS algorithms are utilized in many
fields. In 2016, Azizian et al. [34] adopted a d-hop clustering
algorithm in vehicular ad-hoc networks (VANETs) to control
resource sharing and management functions and took the
relative mobility of nodes in d-hop communication range
into consideration. However, all these works lacked exact
approximation analysis, especially the quantitative description
about the gap between optimal solution and feasible solution.

Until recently, some theoretical researches came out. In [9],
Gao et al. proposed a two-phase approximation algorithm to
compute a d-hop CDS in UDG with a constant-factor approx-
imation which is relevant with O(d3). Later, Zhang et al. [28]
improved the approximation ratio into O(d2) level. In 2017,
Wang et al. [35] proposed a new polynomial time constant
factor approximation algorithm for the minimum 4-connected
m-dominating set problem in UDG with any positive integer
m ≥ 1. Coelho et al. [30] proved that letting G be a graph,
if there exists an algorithm for minimum CDS problem with
approximation factor α(G), then there will be a dα(Gd)-
approximation algorithm for minimum d-CDS problem for
any d ∈ Z>. Lately, Gao et al. [31] designed a distributed
approximation with the approximation ratio (2d + 1)λ, where
λ is a parameter related with d but is no more than 18.4 to
address the minimum d-CDS problem under UDG. Compared
with the previous best result O(d2), it is a great improvement.
However, their approximation ratio is proved in UDG where
the d-hop neighbors of one node are much fewer and the
edge relationship between nodes is much less complicated than
UBG so our (d+1)β-approximation algorithm can better deal
with the more complex networks in 3D space.

Tab. I summarizes a few characteristics of some existing
d-hop CDS algorithms, including the sources, the number of
hops, local maintenance situation, time complexity informa-
tion, message complexity, and approximation ratio analysis.

By investigating, we found that no previous d-hop CDS
algorithm was designed in UBG. Obviously, UBG can for-
mulate a network environment more precisely than UDG
because UBG model can reflect more details of the real world.
Although the design of algorithms for MCDS in UBG seems
to be similar with the design in UDG, some algorithms in
UDG cannot be used to solve problems in 3D space efficiently
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TABLE I

SUMMARY OF d-HOP CDS CONSTRUCTION

because their proofs depend on specific geometrical properties
that only hold true in the plane and the analysis part of these
approximation algorithms could be much harder in UBG than
that in UDG. Because of such difficulty, few papers study
MCDS approximation in 3D space. Actually, in most cases,
when people begin to study MCDS in UBG, they usually mod-
ify and generalize the corresponding approximation algorithms
in 2D space, such as the two-phase algorithms mentioned
above. In [36], Butenko and Ursulenko first proved that the
ratio between the size of MIS and MCDS is at most 11 which
leads to an approximation ratio of 22 for MCDS in UBG.
Later, Kim et al. [15] improved that ratio into 14.937.

As far as we know, there is few work studying minimum
d-hop CDS in 3D space. This paper is the first relevant
research.

IV. PRELIMINARIES

As mentioned before, for any given graph, we hope to find
a minimum d-CDS to gather data and cluster the network.
When designing algorithms for CDS, many researchers adopt
a two-step algorithm as follows:

1) Construct a maximal independent set (MIS). It is easy
to see that an MIS for a graph G is also a DS for G.

2) Connect this MIS into a CDS.
We follow a similar pattern in the design of our d-CDS

algorithm. We first select a d-MIS, then connect this d-MIS
into a d-CDS. The following are several definitions we will
use in solving the d-MCDS problem. Besides, we give the
relation between d-MIS and d-DS.

Definition 2: A d-DS (dominating set) for a given graph
G = (V, E) is a vertex set C such that any node in V is
either in set C or connected to a node in set C within d hops.

Definition 3: A d-IS (independent set) for a given graph
G = (V, E) is a vertex set I such that for any pair of nodes
in I , the distance between them is greater than or equal to d
hops.

Definition 4: A d-MIS (maximal independent set) for a
graph G = (V, E) is a d-IS such that if we insert any vertex
from V \ I , I is no longer a d-IS.

It has been recognized by many researchers that it is more
efficient and convenient to find a d-MIS rather than a d-DS for
a given graph G. Thus, we need to find the relation between
d-MIS and d-DS. By definition, it is easy to get Lem. 1.

Lemma 1: A d-MIS for a graph G is also a d-DS for G.
Proof: We prove it by contradiction. Suppose I is a d-MIS

for G(V, E) and there exists a node v which is not d-hop
dominated by I , meaning the distance from v to any node of
I is greater than d. Then we can insert v into I , contradicting
the fact that I is a d-MIS. Thus I is a d-DS for G. �

Definition 5: A d-CDS (connected dominating set) for a
given graph G = (V, E) is a vertex set C such that C is a
d-DS and the subgraph induced by C is connected.

Our target is to find a minimum d-CDS for a given graph G
to reduce the message redundancy, lower maintenance costs
and obtain better communication between nodes in the d-CDS.

Next we introduce some useful notations and terminologies.
In the following sections, the distance between any two
nodes u, v always means the smallest number of hops needed
from u to v, and we use dis(u, v) to denote this distance. For
any node u, we use d-hop neighbors for u to denote the set
of nodes within d hops from u (except itself), i.e.,

Nd(u) = {v ∈ V | 1 ≤ dis(u, v) ≤ d}.

V. A DISTRIBUTED ALGORITHM

In this section, we will introduce our three-phase distributed
algorithm for minimum d-CDS problem in 3D space. Our
distributed algorithm has three subroutines, which is a general-
ization of the algorithm described in [9], [19], [37]. Different
from traditional two-phase algorithms, we first construct a
spanning with some initialization of each node in Subsec. V-A
before finding a d-MIS. Based on the spanning tree, we con-
struct a d-MIS in Subsec. V-B, and then insert additional nodes
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to connect the selected nodes as a d-CDS in Subsec. V-C.
What is more, we discuss the redundancy of vertices in the
d-CDS produced by our algorithm in Subsec. V-D and give
an example in Subsec. V-E.

Specifically, all previous works failed to clarify the details
of message interchange processes in their distributed designs,
which might easily bring deadlock and termination problems.
Our algorithm design avoids such problems, which can be
implemented in any asynchronous systems.

A. Constructing a Spanning Tree

Given a UBG G = (V, E), we select an arbitrary root
r (usually with maximum node degree and locates at the
center of the network) and design a spanning tree construction
algorithm with time complexity O(n) and message complexity
O(n lg n), inspired by the distributed leader-election algo-
rithm mentioned in [38]. Reference [38] uses a special form
of information propagation with feedback (PIF) to select a
leader from several fragments. We borrow the PIF process to
construct a spanning tree and exchange information among
d-hop neighbors.

There are many spanning tree construction algorithms stud-
ied in existing works, but most of them are designed to achieve
minimum energy or minimum latency and few can obtain
knowledge of d-hop neighbors while constructing the spanning
tree. Thus, our algorithm is novel and O(n) time complexity
performs better than many traditional spanning tree algorithms,
such as DFS, BFS, Prim algorithm, and Kruskal algorithm.

In our spanning tree algorithm, every node ni has a dis-
tinct id, and uses a variable parent to store the id of its
parent node in the spanning tree. In the meanwhile, based
on this spanning tree, we calculate the level of each node,
which is the number of hops from root to this node. As for
the root r, level = 0. Then we can give a rank to every
node by using the pair of its level and its id, (level, id).
For any two node nx, ny , suppose nx.level, ny.level is their
level information, nx.id, ny.id is their id information, then
nx has a lower rank than ny if and only if one of the following
conditions holds:

1) nx.level < ny.level; or
2) nx.level = ny.level and nx.id < ny.id.

Besides, each ni has a variable ni.children for counting its
children and maintains an intermediate variable ni.x to count
its unterminated children. It also uses a set ni.nb to record
its d-hop neighbors. Each entry of nb is the in the form of
(idu, levelu, hopu), representing a d-hop neighbor u, hopu is
the smallest number of hops from u to this node ni itself.

Then the detailed description of determining the level of
each node can be shown in Alg. 1. The intermediate variable
ni.x counts the number of children which have not broadcast
complete message and is thus initialized to the children of
ni. The set ni.nb is used to record its d-hop neighbors’ id,
level, and how many hops they are from the node ni at least.
As a result, ni.nb is initially empty.

First, once the rooted spanning tree mentioned above is
constructed, the root r announces its level 0 by broadcasting
a level message. Second, a node ni will record the sender’s

id, level, and the smallest number of hops from the sender to
the node ni itself into ni.nb after receiving a level message.
If the sender is ni’s parent in the spanning tree, it sets its
own level as 1 plus the sender’s level, and broadcasts a level
message to announce its level. If ni is a leaf in the spanning
tree, which means ni.children is equal to 0 and its own level
has been determined, it will send a complete message to its
parent and terminate its level construction process. Third, upon
receiving a complete message, ni decreases the number of its
unterminated children ni.x by 1 if the message is transmitted
from its children. Once ni.x is reduced to 0 and ni is not the
root r, it transmits a complete message to its parent as well
and terminates its own process. Finally, when the intermediate
variable ni.x is equal to 0 at the root, the whole algorithm
comes to an end and the level construction process is finished.

So far, each node ni knows its own level in the spanning
tree and records information of some of its d-hop neighbors in
ni.nb. Afterwards, we will complement the rest of ni’s d-hop
neighbors into nb in Alg. 2.

Algorithm 1 Level Construction (Run on Each ni)

1 ni.level = 0; � Initialization
2 ni.x = ni.children = number of ni’s children;
3 ni.nb = ∅;
4 if ni is root then
5 ni.level = 0;
6 broadcast level(ni, ni.level); � Marking Levels

7 if receive level(nj, nj .level) then
8 push (nj , nj .level) into ni.nb;
9 record the smallest number of hops from nj to ni into

ni.nb;
10 if ni.parent = nj then
11 ni.level = nj .level + 1;
12 broadcast level(ni, ni.level);

13 if ni.children = 0 and ni.level �= 0 then
14 broadcast complete(ni, ni.parent);
15 terminate; � Termination

16 if receive complete(nj, nj .parent) then
17 if ni = nj .parent then ni.x = ni.x − 1;
18 if ni.x = 0 and ni �= r then
19 broadcast complete(ni, ni.parent);
20 terminate; � Termination

Alg. 2 is used to exchange the d-hop information among
nodes in the network. In this process, we use a simple
distributed algorithm to discover the d-hop neighbors for each
node. The key idea is, suppose each node has already recorded
its k-hop neighbors in nb, then if we let all nodes exchange
this information with its 1-hop neighbors, then each node can
discover its (k+1)-hop neighbors. Since each node has already
recorded the information of its 1-hop neighbors in nb after
Alg. 1, if all nodes exchange their nb for (d− 1) rounds, then
each node can get its all d-hop neighbors.

The detailed description is in Alg. 2. ni.received includes
the id of all the nodes received by ni in this round while
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Algorithm 2 d-hop Neighbor Discovering

1 ni.received = ∅; � Initialization
2 broadcast discover(ni.id, ni.nb);
3 if receive discover(nj .id, nj .nb) then
4 if nj .id is not in ni.received then
5 push nj .id to ni.received;
6 forall the (nk.id, nk.level) in nj .nb do
7 if (nk.id, nk.level) is not in ni.nb then push

(nk.id, nk.level) to ni.nb ;

8 record new (nk.id, nk.level)’s nk.hop in nj .nb to
ni.nb;

9 if length(ni.received) = ni.children + 1 then
terminate ;

nk.hop denotes the smallest number of hops that nk is away
from ni. We run Alg. 2 (d−1) times to get d-hop neighborhood
information for our three-phase distributed algorithm.

After Alg. 2, we can calculate the number of lower-ranked
d-hop neighbors of each node ni from ni.nb, which will be
used later in our distributed algorithm.

By this time, all nodes know the level and rank of its own
and all its d-hop neighbors. Hence, we can move on to the
construction of a d-MIS by a color-marking process in the
next subsection with all the initialization completed above.

B. Constructing a d-MIS

In this subsection, we will introduce subroutine 2 of our
three-phase distributed algorithm. Subroutine 2 is a coloring
process to select a d-MIS (also a d-DS) for the given network.
All the nodes are initially colored white, and will be colored
black or grey eventually. We use three special variables
WHITE, BLACK , GREY to denote these three colors.

First, when a node u colors itself black, it will broadcast a
black message, which will reach all nodes in Nd+1(u), and
each node v in Nd(u) will color itself grey and broadcast
a grey message which will also reach all nodes in Nd(v).
Each node in Nd+1(u) \ Nd(u) will record the path to u
in blackpath if it is still white and its blackpath has not
been determined. Second, once a node knows that all its
lower-ranked d-hop neighbors have been colored grey already,
it will color itself black and broadcast a black message. Third,
when a leaf node has already been colored black or grey,
it transmits a colored message to its parent. After receiving a
colored message, ni will decrease its ni.x by 1 if the message
is broadcast from its children. If ni.x is equal to 0 and ni is
not the root r, the node ni will transmit a colored message to
its parent as well. Finally, by the time the variable ni.x is 0 at
the root, the whole algorithm comes to an end and all nodes
are colored black or grey eventually.

All the black nodes will make up a d-MIS for G after
this subroutine. The detailed description is shown in Alg. 3.
We still use ni.x to count the unterminated children of ni.
With a d-MIS constructed, we then insert additional nodes
to connect the selected nodes as a d-CDS in subroutine 3 in
Subsec V-C.

Algorithm 3 d-MIS Coloring

1 ni.color = WHITE; � Initialization
2 ni.x = ni.children;
3 if ni is root then broadcast black({ni.id});
4 if receive black(path) then
5 if length(path) ≤ d then
6 push ni.id to path;
7 broadcast black(path);
8 if ni.color = WHITE then
9 ni.color = GREY ;

10 broadcast grey(ni.id, d);

11 else if length(path) = d + 1 and
ni.color = WHITE and ni.blackpath is not set
then ni.blackpath = path ;

12 if receive grey(nj .id, k) and k > 1 then
13 mark nj .id as colored in ni.nb;
14 broadcast grey(nj .id, k − 1);

15 if all lower rank d-hop neighbors are colored grey and
ni.color = WHITE then

16 ni.color = BLACK;
17 broadcast black({ni.id});
18 if ni.children = 0 and ni.color �= WHITE then
19 broadcast colored(ni.parent);
20 terminate; � Termination

21 if receive colored(nj .parent) and ni.id = nj .parent
then

22 ni.x = ni.x − 1;
23 if ni.x = 0 then
24 if ni is not root then

broadcast colored(ni.parent) ;
25 terminate; � Termination

C. Connecting a d-MIS Into a d-CDS

In subroutine 3, we will connect d-MIS into a d-CDS. For
each black node except the root, we color the nodes in its
blackpath as black to connect it with another black node.

The function pop(blackpath) means to take out the last
entry of blackpath. After this subroutine, all black nodes will
make up a d-CDS for G. The detailed description is in Alg. 4.

The three subroutines form our algorithm and we will
refer to it as the d-CDS algorithm in the following sections.
Alternatively, instead of connecting each black dominator
directly via blackpath, we may use distributed Steiner tree
algorithm to connect black nodes (denoted as Steiner nodes).
A comparison between the solution produced by our algorithm
and the optimal solution is shown in Fig. 3 (notice that we use
blue nodes in Fig. 3(c) to denote the nodes added in Alg. 4).

D. Discussion on Redundancy

It is trivial to notice that the d-CDS produced by our
algorithm suffers from some redundancy, i.e. we could remove
some vertices safely and the remaining set is still a d-CDS, but
such redundancy is hard to avoid in a distributed algorithm.
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Fig. 3. Optimal solution and our solution.

Algorithm 4 d-CDS Connecting

1 if ni.color = BLACK then
2 nexthop = pop(ni.blackpath);
3 broadcast join(nexthop, ni.blackpath);

4 if receive join(nexthop, blackpath) then
5 if ni.id = nexthop and blackpath �= ∅ then
6 nexthop = pop(blackpath);
7 broadcast join(nexthop, blackpath);
8 ni.color = BLACK;

We could add one more subroutine to remove all such redun-
dant vertices, but the cost is too high. To confirm a vertices v
in a d-CDS C is redundant, we must check two conditions:

• The vertices dominated by v can be dominated by other
vertices of C.

• Removing v does not change the connectivity of C.
The first condition is relatively easy to check, and can be

accomplished in a distributed manner. The hard part is how
to check the second condition. Unfortunately, there is still
no efficient distributed algorithms concerning it, so we didn’t
provide a redundancy-removing subroutine in this paper.

E. An Example

In this subsection, we use an example to illustrate our
algorithm. To keep it simple and precise, we just plot the
example in two-dimensional space as is shown in Fig. 4.

Originally, we have a given UBG G = (V, E) with
17 nodes, as is shown in Fig. 4(a). We want to find a 2-hop
CDS for G. First, we need to construct a spanning tree T
for G. As Fig. 4(b) shows, a spanning tree is formed according
to the original graph with its root node labeled as 1. All other
nodes are labeled from 2 to 17 as their unique id numbers
to distinguish themselves from others. In this spanning tree,
there exist two kinds of lines between two adjacent nodes,
which are marked as solid lines or dashed lines. If there is a
solid line or dashed line between two nodes u and v, it means
there is an edge (u, v) ∈ E. A solid line means an edge in
the spanning tree T , and a dashed line means an edge in the
original graph G, but this edge is not included in T . Before
actually processing coloring subroutine, each node should have
already got its level and 2-hop neighbors’ information.

Fig. 4. An example to construct a 2-CDS with 17 nodes.

Second, we can start to color the network. In the coloring
procedure as is shown in Alg. 3, initially all nodes are white.
In Fig. 4(b), root r colors itself black, and broadcasts a black
message. In Fig. 4(c), upon receiving a black message and
detecting that there is a black node within its 2-hop distance,
nodes 2, 3, 4, 5, 6 color themselves grey, and broadcast a
grey message to inform all their 2-hop neighbors that they
have already been colored. At this time, node 8 notices that
all its lower-ranked 2-hop neighbors have been colored grey
(they are nodes 2, 4, 5, respectively), so node 8 colors itself
black and broadcasts a black message. In Fig. 4(d), nodes 9,
10, 13, 14, and 15 receive the black message initiated from
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node 8, and thus color themselves as grey and broadcast grey
messages. Now node 11 can color itself black and broadcast
a black message, which will lead nodes 12, 16, and 17 to
color themselves as grey in Fig. 4(e). Finally, the set of
nodes {1, 8, 11} is our selected 2-MIS for G, also a 2-DS
for G.

Finally, Fig. 4(f) shows a possible way to connect
these black nodes into a 2-CDS, since both node 8 and
node 11 record the path from node 1 as their blackpaths. As a
result, the set of nodes {1, 2, 3, 4, 6, 8, 11} is our selected
2-CDS.

VI. PERFORMANCE ANALYSIS

We first prove the correctness of our d-hop CDS algorithm.
Theorem 1: d-CDS algorithm can successfully terminate

with consistent agreement.
Proof: First, we prove the termination for the d-CDS

algorithm above. In Alg. 1, from Line 4-12, we can see that
“level” messages could be transmitted from every parent to
its all children. Then, according to Line 13-15, when “level”
messages reach to a leaf node, the leaf will terminate and tell
its parent that it has terminated. When a parent receive all
its children’s “complete” messages, it turns to terminate and
tell its own parent that it has terminated. Eventually, when the
root terminates, all the nodes has terminated. As for Alg. 2,
when each node exchanges neighbor information with all its
one-hop neighbors, it turns to terminate. According Line 1-17
in Alg. 3, after enough time, all nodes will be colored either
black or grey. From Line 18-20, leaf nodes will first terminate.
Then leaf nodes will feed the messages of termination to
their parents. Their parents will also terminate when all their
children terminate according to Line 21-25. As for Alg. 4,
the entire network will terminate when all blackpaths pop
out.

Next, we will prove the property of agreement. Since each
message in d-CDS algorithm except for Alg. 3 is broadcasted
only once by each node, it is easy to understand the agreement
in this situation. Besides, in Alg. 3, Line 15 ensures the
sequence of the chosen black nodes is deterministic. Hence,
the algorithm must meet the requirement of agreement. �

Theorem 2: All black nodes after Alg. 3 form a d-MIS of G.
Proof: We noticed that every node must be colored as

black or grey after Alg. 3, otherwise Alg. 3 cannot terminate.
Then we prove that the distance between any two black

nodes is greater than or equal to d. We prove it by contradic-
tion. Suppose there are two black nodes u and v with distance
less than d. Because all the nodes are totally ordered by rank,
without loss of generality we assume u has a higher rank
than v. Then u cannot color itself unless it knows that v has
been already colored. However, since the distance between u
and v is less than d, in all black messages initiated from v and
reached u, there must be one traveling less than d hops. Then
by Alg. 3, u will be colored grey, which yields a contradiction.

We also cannot insert any more black nodes because if we
change any grey node into black, there must exist a black node
within d hops. Thus all black nodes form a d-MIS for G. �

Theorem 3: All black nodes after Alg. 4 form a d-CDS of G.

Proof: Denote the set of black nodes after Alg. 4 as C.
According to Lem. 1 and Lem. 2, the set of black nodes after
Alg. 3 is a d-MIS, so it is a d-DS for G by Lem. 1. Hence we
only need to prove the connectivity of C. In Alg. 4, we use
the nodes in blackpath to connect each black node (except
the root) to another black node, the connectivity just
follows. �

Then we move on to the discussion of the approximation
ratio. First we find an upper bound for the number of indepen-
dent vertices for in a node’s d-hop neighbors. Then we use it to
establish a connection between IS and DS for a graph. Finally,
we prove the approximation ratio of our algorithm. During our
derivation, we use Lem. 2 which is proved in [39].

Lemma 2: [39] For any vertex u in a UBG G, the neigh-
borhood N(u) contains at most 12 independent vertices.

Lemma 3: I is a d-IS of a UBG G, then for any vertex u,
Nd(u) contains at most β vertices from I , where

β =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

12 if d = 1,

125 if d = 2,

12 +
8d3 + 12d2 + 6d

⌈
1
2

⌊
d−1
2

⌋⌉ if d ≥ 3.

Proof: It is easy to see that when d = 1, the result is valid
by Lem. 2. For d = 2, if we place a ball centered at z with
radius 0.5 for each vertex z from I , then all these balls are
mutually disjoint. Next, based on the knowledge that node u’s
any 2-hop neighbor (as a ball with radius 0.5) should located
within the ball centered at u with radius 2.5, we can calculate
the upper bound of β for d = 2 as

β ≤
4
3π · 2.53

4
3π · 0.53

= 125.

Now suppose d ≥ 3. For any u ∈ V , let

A = N �d/2�(u) ∩ I = {a1, a2, . . . , at}
denote the set of u’s d-hop independent neighbor within �d

2	
hops, and we will show that t ≤ 12.

Suppose t > 12, then for any two vertices w, v ∈ A, denote
the shortest path from w to u and from v to u as Pw and Pv ,
and denote w0, v0 as the last vertices on Pw and Pv. Because
N1(u) contains at most 12 independent vertices, if t > 12,
we could always choose two vertices w and v such that w0

and v0 are within each other’s transmission range (could be
the same vertex). Then we could construct a path from w to
v by travel in this order: w, w0, v0, v, and the length of this
path is at most 2
d/2� − 1 ≤ d, contradicting with the fact
that w, v are d-hop independent. Thus

∣
∣
∣N �d/2�(u) ∩ I

∣
∣
∣ = t ≤ 12. (1)

Then consider the rest part of u’s d-hop neighbors. Let

B = Nd(u) \ N �d/2�(u) ∩ I = {b1, b2, . . . , bm}.
For each 1 ≤ i ≤ m, let Qi be a shortest path from bi to u.
Denote Db as a ball centered at b with radius 0.5 and define
a region Ci such that

Ci =
⋃

b∈N�(d−1)/2�(bi)∩V (Qi)

Db.
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Here V (Qi) is the set of nodes on path Qi. We then claim
that Ci cannot intersect with Cj for any i �= j. If it happens,
then we can construct a path between bi and bj , which has
length at most 2�(d − 1)/2	 + 1 ≤ d, contradicting the fact
that bi, bj are d-hop independent. Thus we have that Ci does
not intersect with each other.

Suppose Qi = w1w2w3 . . . . Since Qi is a shortest path
between bi and u, then Dw1 , Dw3 , . . . are disjoint with each
other, and the volume of Ci is at least

⌈
1
2

⌊
d−1
2

⌋⌉
4
3π 1

23 .
Next, notice that bi /∈ N �d/2�, so the distance between u

and bi is greater than 
d
2�, i.e. dis(u, bi) > 
d

2�. For b ∈
N �(d−1)/2�(bi) ∩ V (Qi), according to the triangle inequality,
we have

dis(u, b) ≥ dis(u, bi) − dis(b, bi)
> 
d/2� − �(d − 1)/2	 = 1,

which means Ci does not intersect with the ball at center
u with radius 0.5. Since every Ci locates within the ball at
center u with radius d + 0.5, we have

m ≤
4
3π(d + 1

2 )3 − 4
3π 1

23
⌈

1
2

⌊
d−1
2

⌋⌉
4
3π 1

23

=
8d3 + 12d2 + 6d

⌈
1
2

⌊
d−1
2

⌋⌉ (2)

From Equation (1) and Equation (2), we can get our final
result. �

Lemma 4: Suppose D is a d-DS of G and I is a d-IS of G.
Then |I \ D| ≤ β|D \ I|.

Proof: Denote X = I \ D and Y = D \ I . Construct a
bipartite graph H = (X, Y, E). Here (x, y) ∈ E if and only
if x ∈ X , y ∈ Y , and dis(x, y) ≤ d. It is easy to see

∑

x∈X

degH(x) =
∑

y∈Y

degH(y), (3)

where degH(x) represents the degree of x in the bipartite
graph H . Since any vertex in X is d-hop dominated by some
vertices, so for any x ∈ X ,

degH(x) ≥ 1. (4)

Next, By Lem. 3, for any y ∈ Y ,

degH(y) ≤ β. (5)

Then our lemma follows from Equation (3), (4), and (5). �
Lemma 5: Suppose I is a d-MIS for G, then we need at

most d(|I| − 1) nodes to connect I in Alg. 3.
Proof: In Alg. 3, for every black node except the root,

there exists a black node at d hops away, just follow the
blackpath. Thus, total nodes needed to connect I is at most
d(|I| − 1). �

Next we prove our main result.
Theorem 4: Our d-CDS algorithm has an approximation

ratio of (d + 1)β.
Proof: Denote the set of black nodes after Alg. 3 as I ,

and denote the set of all black nodes after Alg. 4 as C. Let
C∗ be the optimal solution of d-hop CDS in G. By Lem. 4,

|I \ C∗| ≤ β|C∗ \ I|
|I| − |I ∩ C∗| ≤ β|C∗| − β|C∗ ∩ I|

|I| ≤ β|C∗| − (β − 1)|C∗ ∩ I| (6)

TABLE II

SIMULATION PARAMETERS

Also by Lem. 5, we have

|C| ≤ d(|I| − 1) + |I|
≤ (d + 1)|I| − d

≤ (d + 1)β|C∗|
Then the theorem holds. �

VII. SIMULATION AND EVALUATION

A. Experiment Settings

To evaluate the performance of our algorithm, we randomly
generate different sets of nodes (with different node numbers
and coordinates) on a space of size 100×100×100 units. For
each fixed hop setting (d = 1, d = 2, d = 3), we repeatedly
run the algorithm for 50 different cases to achieve an average
performance. We focus on the following impacts to evaluate
the performance of our algorithm under different network sizes
and different hop settings.
• The size of chosen CDS versus the total number of

nodes in the network, which depicts the performance of
the algorithm directly. If this percentage is smaller, then
we can use a smaller size cluster heads to control the
communication of the whole network, which is good for
management and maintenance. It also has lower energy
costs, bringing benefits to the service providers.

• The d-MIS size versus the d-CDS size. This parameter
reflects the construction of two-step d-CDS algorithm,
and exposes the cost in each step.

• The hop count of chosen CDS, reflecting the concentra-
tion level of CDS. If d is smaller, then more nodes need
to be selected into d-MIS, while if d is larger, then more
nodes are needed to connect two cluster heads.

Parameters used in our simulation are tabulated in Tab. II.

B. Experiment Results

In this part, we will provide some numerical results on our
distributed algorithm. First, Fig. 5(a)-(c) show the detailed pro-
cedures of how our algorithm successfully obtains a d-CDS.
In this exhibition, we set the biggest monitoring ability of a
dominator as 3 hops and the number of total nodes as 100.
We try to construct a 3-CDS with our algorithms. Fig. 5(a)
exhibits the initial state of a WSN. In this state, every node
is colored as green. After running Alg. 3, we get Fig. 5(b).
In this figure, the black nodes form a 3-MIS with 11 nodes
among 100 candidates. These nodes also form a dominating
set which can dominate all other nodes in graph within 3 hops.
Then we connect nodes in 3-MIS with some extra nodes with
Alg. 4. We color that extra nodes black and form a 3-CDS
shown in Fig. 5(c). Finally, 28 nodes are selected as 3-CDS
for the given graph, which is only around 30% of the network.
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Fig. 5. An example to illustrate the procedure of our algorithm.

Fig. 6. d-MIS and d-CDS size w.r.t. network size.

Next, let us compare the d-MIS size versus d-CDS size.
This parameter reflects the construction cost for our algorithm.
Fig. 6(a)-(c) show the error bar graph for d-MIS and d-CDS
size w.r.t. network size where d is setting as 1, 2, and 3,
respectively. In each case we take the best, the average,
and the worst case results among 50 distinct experiments.
From this figure we can see that as d increases, the size
of d-MIS reduces significantly while the size of connectors
is relatively increased. This phenomenon is easy to explain
from the nature of our algorithm: (1) as d increases, less
number of clusters are needed to dominate the whole network;
(2) whereas more number of connectors are needed to connect
pairwise cluster heads because the distance between them are
increased according to d.

VIII. CONCLUSION

In this paper we propose a distributed algorithm for the
clustering problem in high dimensional homogeneous WSNs,
which has an approximation ratio of (d + 1)β, where d is the
number of hops in each cluster and β is a calculated parameter
w.r.t. d. Our algorithm has 3 subroutines.

We first construct a spanning tree with some initialization
of each node in the network. Then based on the spanning
tree, we use coloring process to select a d-hop minimum
independent set (d-MIS) for a graph G, which is also a
d-hop dominating set (d-DS) for G in the second subrou-
tine. Afterwards, we can insert some nodes to connect this
d-MIS (d-DS) as a tree, making up a d-hop connected dom-
inating set (d-CDS) for the network in the third subrou-
tine. We propose an example to illustrate our idea, give a
detailed analysis to this algorithm, and prove its approximation
ratio theoretically. Finally, numerical experiments validate the
efficiency of our design. To the best of our knowledge, we are
the first work to design a distributed approximation algorithm
for d-hop connected clustering problem in high dimensional
space.
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